We consider non-linear gravitational models with a multidimensional warped product geometry. Particular attention is payed to models with quadratic scalar curvature terms. It is shown that for certain parameter ranges, the extra dimensions are stabilized if the internal spaces have negative constant curvature. In this case, the 4-dimensional effective cosmological constant as well as the bulk cosmological constant become negative. As a consequence, the homogeneous and isotropic external space is asymptotically AdS4. The connection between the D-dimensional and the 4-dimensional fundamental mass scales sets a restriction on the parameters of the considered non-linear models.
Introduction
Multidimensionality of our Universe is one of the most intriguing assumption in modern physics. It follows naturally from theories unifying different fundamental interactions with gravity, e.g. M/string theory [1] . The idea has received a great deal of renewed attention over the last few years within the "brane-world" description of the Universe. In this approach the SU (3) × SU (2) × U (1) standard model (SM) fields are localized on a 3−dimensional space-like hypersurface (brane) whereas the gravitational field propagates in the whole (bulk) space-time. The framework also implies that usual 4−dimensional physics is located on the brane (i.e. our Universe). Moreover, brane-world physics provides a possible solution of the hierarchy problem due to the well known connection between the Planck scale M P l (4) and the fundamental scale M * (4+D ′ ) of the 4−dimensional and the (4+D ′ )-dimensional space-time, respectively:
Here V D ′ denotes the volume of the compactified D ′ extra dimensions. It was realized in [2, 3, 4] that the localization of the SM fields on the brane allows to lower M * (4+D ′ ) down to the electroweak scale M EW ∼ 1TeV without contradiction with present observations. Therefore, the compactification scale of the internal space can be of order
In this ADD model [2] , physically acceptable values correspond to D ′ ≥ 3 (see e.g. [5] ), and for D ′ = 3 one arrives at a sub-millimeter compactification scale r ∼ 10 −6 cm of the internal space. Additionally, the geometry is assumed to be factorizable as in the standard Kaluza-Klein (KK) model. I.e the topology is the direct product of a non-warped external space-time manifold and internal space manifolds with warp factors which depend on the external coordinates. Beside this, the M-theory inspired RS-scenario [6] represents an interesting approach with non-factorizable geometry and D ′ = 1. Here, the 4−dimensional space-time is warped with a factorΩ which depends on the extra dimension and equation (1.1) is modified as follows: M P l(4) ∼Ω −1 M EW . In our paper we shall concentrate on the factorizable geometry of the ADD-model. According to observations the internal space should be static or nearly static at least from the time of primordial nucleosynthesis, (otherwise the fundamental physical constants would vary). This means that at the present evolutionary stage of the Universe the compactification scale of the internal space should either be stabilized and trapped at the minimum of some effective potential, or it should be slowly varying (similar to the slowly varying cosmological constant in the quintessence scenario [7] ). In both cases, small fluctuations over stabilized or slowly varying compactification scales (conformal scales/geometrical moduli) are possible.
Stabilization of extra dimensions (moduli stabilization) in models with large extra dimensions (ADD models) has been considered in a number of papers (see e.g. Refs. [4, 8, 9, 10, 11, 12, 13 ]) 1 . In the corresponding approaches, a product topology of the (4 + D ′ )−dimensional bulk space-time was constructed from Einstein spaces with scale (warp) factors depending only on the coordinates of the external 4−dimensional component. As a consequence, the conformal excitations have the form of massive scalar fields living in the external spacetime. Within the framework of multidimensional cosmological models (MCM) such excitations were investigated in [14, 15] where they were called gravitational excitons. Later, since the ADD compactification approach these geometrical moduli excitations are known as radions [4, 9] . It should be noted that over the last years the term radion has been used to describe quite different forms of metric perturbations within brane-world models. In MCM with warped product topology of the internal spaces they are understood as conformal excitations of the additional dimensions (gravitational excitons), whereas in RS-I-type models they describe the relative motion of branes [16] . The differences between these two frameworks have been pointed out in [17, 18] .
All above mentioned papers are devoted to the stabilization of large extra dimension in theories with linear multidimensional gravitational action. String theory suggests that the usual linear Einstein-Hilbert action should be extended with higher order non-linear curvature terms. In the present paper we use a simplified approach with multidimensional Lagrangian of the form L = f (R), where f (R) is an arbitrary smooth function of the scalar curvature. Without connection to stabilization of the extra-dimensions, such models (4−dimensional as well as multi-dimensional ones) were considered e.g. in Refs. [19] . There, it was shown that the non-linear models are equivalent to models with linear gravitational action plus a minimally coupled scalar field with self-interaction potential.
In the present paper we advance this equivalence towards investigating the problem of extra dimensions stabilization. We find that the stabilization of extra dimensions takes place only if additional internal spaces have a compact hyperbolic geometry and the effective 4−dimensional cosmological constant is negative. If the external space M 0 is homogeneous and isotropic this implies that M 0 becomes asymptotically anti-deSitter (AdS D0 ). Additionally, we show that requiring the extra dimensions to be dynamically stabilized is a sufficient condition for the bulk space-time to acquire a constant negative curvature.
The paper is structured as follows. After explaining the general setup of our model in section 2, we concretize the geometry to a warped product of n internal spaces. We perform a dimensional reduction of the action functional to a 4-dimensional effective theory with (n+1) self-interacting minimally coupled scalar fields (section 3). The stabilization of the extra dimensions is then reduced to the condition that the obtained effective potential for these fields should have a minimum. In section 4, a detailed analysis of this problem is given for a model with one internal space. The main results are summarized and discussed in the concluding section 5.
General theory
We consider a D = (4 + D ′ ) -dimensional non-linear pure gravitational theory with action
where f (R) is an arbitrary smooth function with mass dimension O(m 2 ) (m has the unit of mass) of a scalar curvature R = R[g] constructed from the D-dimensional metric g ab (a, b = 1, . . . , D).
is the D-dimensional gravitational constant (subsequently, we assume that M * (4+D ′ ) ∼ M EW ). The equation of motion for this theory reads [19] 
. ∇ a is the covariant derivative with respect to the metric g ab ; and the corresponding Laplacian is denoted by
3) can be rewritten in the form
and can be considered as a connection between R and f . It is well known, that for f ′ (R) > 0 the conformal transformation
with
reduces the non-linear theory (2.1) to a linear one with an additional scalar field. The equivalence of the theories can be easily proven with the help of the following auxiliary formulas:
and
Thus, eqs. (2.5) and (2.6) can be rewritten as
Eq. (2.14) can be used to express R as a function of the dimensionless field φ :
It is easily seen that eqs. (2.12) and (2.13) are the equations of motion for the action
and they can be written as follows:
Here, T ab [φ, g] is the standard expression of the energy-momentum tensor for the minimally coupled scalar field with potential (2.16). Eq. (2.18) can be considered as a constraint equation following from the reduction of the non-linear theory (2.1) to the linear one (2.15).
Let us consider what will happen if, in some way, the scalar field φ tends asymptotically to a constant: φ → φ 0 . From eq. (2.14) we see that in this limit the non-linearity disappears and (2.1) becomes a linear theory f (R) ∼ c 1 R + c 2 with c 1 = f ′ = exp(Aφ 0 ) and a cosmological constant −c 2 /(2c 1 ). In the case of homogeneous and isotropic space-time manifolds, linear purely geometrical theories with constant Λ−term necessarily imply an (A)dS geometry. Thus, in the limit φ → φ 0 the D-dimensional theory (2.1) can asymptotically lead to an (A)dS with scalar curvature:
Clearly, the linear theory (2.15) would reproduce this asymptotic (A)dS-limit for φ → φ 0 :
(2.20)
in accordance with eq. (2.11) and f ′ = c 1 . In section 4 we shall show that the stabilization of the extra dimensions automatically results in condition φ → φ 0 with U (φ 0 ) < 0. Thus, the D-dimensional bulk can become asymptotically AdS D .
In the rest of the paper we consider the quadratic theory:
where the parameter α has dimensions O(m −2 ). For this theory we obtain
The condition f ′ > 0 implies 1 + 2αR > 0.
Dimensional reduction
In this section we assume that the D-dimensional bulk space-time M undergoes a spontaneous compactification to a warped product manifold
The coordinates on the (D 0 = d 0 + 1) -dimensional manifold M 0 (usually interpreted as our (D 0 = 4)dimensional Universe) are denoted by x and the corresponding metric by
Let the internal factor manifolds M i be d i -dimensional Einstein spaces with metric g (i) = g
is a characteristic size of M i . For the metric ansatz (3.2) the scalar curvature R depends only on x:
The conformally transformed metric (2.7) reads
The fact that the fields φ and β i depend only on x allows us to perform the dimensional reduction of action (2.15) . Without loss of generality we set the compactification scales of the internal spaces at present time at β i = 0 (i = 1, . . . , n). The corresponding total volume of the internal spaces is given by
is the number of the extra dimensions). After dimensional reduction action (2.15) reads
where
is the midisuperspace metric [20, 21] and
is the D 0 −dimensional (4-dimensional) gravitational constant. If we take the electroweak scale M EW and the Planck scale M P l as fundamental ones for D−dimensional (see eq. (2.2)) and 4-dimensional space-times (κ 2 0 = 8π/M 2 P l ) respectively, then we reproduce eqs. (1.1) and (1.2). Action (3.10) is written in the Brans-Dicke frame. Conformal transformation to the Einstein frame [14] 
The tensor components of the midisuperspace metric (target space metric on R n T )Ḡ ij (i, j = 1, . . . , n) , its inverse metricḠ ij and the effective potential are respectivelȳ
and 
For simplicity we continue to work with dimensionless scalar fields ϕ, φ instead of passing to canonical ones (modulo 8π):φ = ϕ M P l ,φ = φ M P l andŨ ef f = M 2 P l U ef f . The restoration of the correct dimensionality is obvious.
The equations of motion for ϕ and φ are respectively
In order to obtain a stable compactification of the internal space, the potential U ef f (ϕ, φ) should have a minimum with respect to ϕ and φ. This is obvious with respect to the field ϕ because it is precisely the stabilization of this field that we aim to achieve. It is also clear that potential U ef f (ϕ, φ) should have a minimum with respect to φ because without stabilization of φ the effective potential remains a dynamical function and the extremum condition ∂U ef f /∂ϕ| ϕ=0 = 0 is not satisfied (see eq. (4.6)). Furthermore, eq. (4.7) shows that the extrema of the potentials U ef f (ϕ, φ) and U (φ) with respect to the field φ coincide with each other. Thus, the stabilization of the extra dimension takes place iff the field φ goes to the minimum of the potential U (φ). According to the discussion in section 2 (see eqs. (2.19) and (2.20) ) this results in an asymptotically constant curvature space-time (for a non-zero minimum of U (φ)).
Let us now present a detailed analysis of the quadratic gravitational theory (2.21) with potential U (φ) (2.23). First, we shall investigate the range of parameters which ensures a minimum of U (φ).
In the particular case Λ D = 0 the potential U (φ) (2.23) has the extremum U | extr = 0 at φ = 0. According to eqs. In the general case Λ D = 0 the extremum condition gives The case q = −1 corresponds to φ 0 → −∞ and is not considered in the following. The necessary condition for the existence of a minimum of the potential U (φ)
requires positive values of the parameter α > 0. From the explicit expression of U (φ) at the extremum
it is easy to see that U | min ≥ 0 for Λ D ≥ 0 and U | min < 0 for Λ D < 0. In the latter case we have −1 < 8αΛ D < 0.
Let us show now that the total potential U ef f (ϕ, φ) also has a global minimum in the case when U (φ) has a negative minimum. To prove it, it is convenient to rewrite potential (4.3) as follows
The extremum condition gives
whereas the eigenvalues of the Hessian at the minimum should be non-negative
Choosing the compactification scale of the extra dimension at β 1 min = ϕ min = 0, we find the following relations at the extremum
and hence sign (R 1 ) = sign ( U (φ)| extr ) = sign ( G| extr ) . Using the obvious relation
(4.24) and eqs. (4.18), (4.21), (4.22) we see that
This inequality sets strong restrictions on the considered non-linear model.
1. According to eq. (2.20) it implies that the stabilization of the extra dimension leads asymptotically to a negative constant curvature bulk space-time.
2. Only models with parameters from the range α > 0 and −1 < 8αΛ D < 0 will stabilize (see eqs. (4.13) and (4.14)). All other configurations are excluded.
3. The global minimum of the whole effective potential U ef f is also negative: The latter restriction agrees with the results of [10, 12] because the negative value of the effective potential in the minimum violates the null energy condition so that the stabilized internal space should be (compact) hyperbolic. We note that adding to our non-linear model some kind of matter, satisfying the null energy condition, can shift the effective D 0 -dimensional cosmological constant to non-negative values and the internal space can acquire positive curvature. Finally, let us turn to the masses of the excitation fields ϕ and φ near the minimum of U ef f . They are defind by the relations
(4.28)
In order to compare the dependence of these masses on the parameters of our non-linear model we rewrite (4.28) in terms of R 1 and x 0 . For this purpose, we interpret eq. (4.21) as a constraint on the two free parameters α and Λ D or α and q = 8αΛ D , and use it to express α as follows:
Substitution of this expression into (4.28) yields
According to eq. (3.5), the internal space curvature R 1 is defined by the characteristic scale of the internal space M 1 which, in its turn, is fixed by eq. (1.2) in the ADD approach. As result the basic mass scale of the excitations ϕ and φ is defined by the fundamental mass scale M * (4+d1) and the 4-dimensional Planck scale M P l(4)
It is interesting to note, that the mass m φ strongly depends on the non-linearity parameter q and can significantly differ from mass m ϕ . For example, m φ → ∞ for q → −0 (x 0 → 1), whereas m ϕ remains finite in this limit.
Conclusions and discussion
In the present paper we investigated multidimensional gravitational models with a non-Einsteinian form of the action. In particular, we assumed that the action is an arbitrary smooth function of the scalar curvature f (R). For such models, we concentrated on the problem of extra dimension stabilization in the case of factorizable geometry. To perform such analysis, we reduced the pure non-linear gravitational model to a linear one with an additional self-interacting minimally coupled scalar field. The factorization of the geometry allowed for a dimensional reduction of the considered models and to obtain an effective 4-dimensional model with additional minimal scalar fields. These fields describe conformal excitations of the internal space scale factors. A detailed stability analysis was carried out for a model with quadratic curvature term: f (R) = R + αR 2 − 2Λ D . It was shown that a stabilization is only possible for the parameter range −1 < 8αΛ D < 0. This necessarily implies that the extra dimensions are stabilized if the compact internal spaces M i , i = 1, . . . , n have negative constant curvatures. More precisely, these spaces have a quotient structure M i = H di /Γ i , where H di and Γ i are hyperbolic spaces and their discrete isometry groups, respectively. In this case, the 4dimensional cosmological constant (which corresponds to the minimum of the effective 4-dimensional potential) is also negative. As a consequence, the homogeneous and isotropic external (D 0 = 4)-dimensional space is asymptotically AdS D0 . As the extra dimensional scale factors approach their stability position the bulk spacetime curvature asymptotically (dynamically) tends to a negative constant value. Let us note that this would allow e.g. for a spontaneous compactification scenario along the lines 3
We further found that the compactification scale completely defines the effective cosmological constant and the mass of the internal scale factor excitations (gravexcitons) near the minimum position. The compactification scale itself is fixed by the relations (1.1), (1.2) between the fundamental mass scales M P l (4) and M * (4+D ′ ) . The same relations enforce a constraint on the parameters of the non-linear model (see eq. (4.29) concerning α and Λ D ). In contrast with the masses of gravexcitons m ϕ , the mass m φ of the scalar field φ (which originates from the non-linearity of the starting model) additionally depends on the parameters α and Λ D . For certain parameter ranges, m φ can significantly differ from the masses m ϕ .
From a cosmological perspective, it is of interest to consider the possibility of inflation for the 4-dimensional external space-time within our non-linear model. For a linear multidimensional model with an arbitrary scalar field (inflaton), such an analysis was carried out in [15] . As described in section 2, our pure gravitational quadratic curvature action (2.21) can be mapped to a scenario linear in the curvature with a rather specific self-interaction potential (2.23) for the scalar field φ. This allows us to extend some of the techniques of [15] to our model.
It can be shown that there is a possibility for inflation to occur if the scalar fields start to roll down from the region:
where the effective potential (4.3) reads U ef f ≈ e φ, the slow-roll parameters ǫ and η 1,2 (see paper [15] ) read
. Thus, generally speaking, the slow-roll conditions for inflation are satisfied in this region. The scalar field φ can act as inflaton and drive the inflation of the external space. It is clear that estimates (5.6) point only to the possibility for inflation to occur.
